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A theoretical method i s  described for obtaining the exact solution to the problem 
of thermal entry region heat transfer which takes into account both transverse non- 
uniformity in the velocity field and axial conduction. To allow for the effect of 
upstream conduction, the fluid temperature was taken to be uniform a t  x = --J, and 
the first 20 eigenvolues and the corresponding eigenfunctions were determined 
separately for the heated and adiabatic regions. Both the temperatures and temper- 
ature gradients were then matched at x = 0 by constructing a pair of orthonormal 
functions from the nonorthogonal eigenfunctions. 

Nusselt numbers calculated for pipe flow subject to the boundary condition of 
uniform wall  heat flux show virtually perfect agreement with those reported recently 
by Hennecke, who solved the governing partial differential equation numerically. 
To illustrate i ts general applicability, the present method was further employed to 
analyze the corresponding problem in parallel-plate channel flow, for which no solu- 
tion has hitherto been reported. 

Heretofore, no method has  been available for obtaining a 
theoretical solution to the problem of thermal entry region 
heat transfer in channel flow, taking into account both 
transverse nonuniformity of fluid velocity and axial conduc- 
tion in the flowing fluid. This problem i s  mathematically 
quite intricate, because, with such a velocity field, the el- 
liptic energy equation containing the axial conduction term 
gives rise to a Whittaker-type differential equation (8 )  for 
which the determination of eigenconstants i s  difficult. 
Moreover, because the eigenfunctions lack the property of 
orthogonality, the eigenfunction expansion technique cus- 
tomarily employed for the differential equations of the 
Sturm-Liouville system no longer applies. To remedy these 
difficulties, the present author proposed ( 4 )  a method of 
solving the axial-conduction problem by directly computing 
the eigenconstants for the Whittaker differential equation. 
In that analysis, fluid temperature was assumed to  be uni- 
form at the point ( x  = 0 )  where a step change in wall heat 
flux i s  imposed. Such a boundary condition, although phys- 
ically unrealistic, has  been frequently employed in slug 
flow or numerical analysis of the corresponding problem 
(5 ,  9, 10). In reality, however, because of the heat con- 
ducted upstream, transverse variation in fluid temperature 
exis ts  in the region x 5 0. This was first shown by Petuk- 
hov and Tsvetkov (7), who considered the flow channel to 
extend from x = --m to x = m, and obtained approximate 
temperature solutions by solving the governing energy equa- 
tion numerically. Recently, Hennecke ( 3 )  also solved the 
governing partial differential equation numerically by em- 
ploying the finitedifference method, and obtained tempera- 
ture solutions for the boundary conditions of both uniform 
wall temperature and uniform wall heat flux. All of these 
authors found that the temperature profile at x = 0 i s  greatly 
affected by axial conduction, and consequently the thermal 
entry region Nusselt numbers behave quite differently from 
those obtained by assuming a flat temperature profile 
at x = 0. 

method for obtaining an exact solution to the present heat 
transfer problem. By the method described in this paper, 
the calculated Nusselt numbers were found to  be in excel- 
lent agreement with those obtained numerically by Hen- 

The purpose of this study was t o  develop a mathematical 

necke (3 ) .  To show the general applicability of the method, 
it was further used to analyze the analogous problem in 
parallel-plate channel flow, for which no results have been 
reported in the literature. 

It should be mentioned that Agrawal ( 1 )  was the only 
other author who has attempted to  seek an analytical solu- 
tion to a similar problem. He sought the eigenfunctions in 
the form of infinite Fourier sine series and obtained the so- 
lution corresponding to  N p ,  = l for a parallel-plate channel 
subject to a step change in wall temperature at x = 0. His 
approach, however, i s  extremely complex. Furthermore, his 
computational results show poor matching of the tempera- 
ture solutions at x = 0. The accuracy of the Nusselt num- 
ber curve, which was reported only for N p ,  = 1, i s  therefore 
subject to  considerable doubt. 

determined for the adiabatic (--m < x 5 0)  and heated 
(0 5 x < -J) regions separately. Both the temperatures and 
longitudinal temperature gradients were then matched at 
x = 0. To accomplish the matching processes, two new 
sets of orthonormal functions were constructed from the 
nonortbogonal eigenfunctions, utilizing the Gram-Schmidt 
orthonormalization procedure (6). By employing the ortho- 
normal functions, the ser ies  expansion coefficients were 
determined by solving the relevant matrix equations so that 
the required matching conditions at x = 0 were both satis- 
fied. In the following treatment, the discussion will be 
based on laminar pipe flow, which i s  subject to a step 
change in wall heat flux at x = 0. Modification of the anal- 
ysis  for application to  parallel-plate channel flow i s  sim- 
ple and only a brief treatment here is necessary. 

In the present study, the first 20 eigenconstants were 

T H E O R E T I C A L  ANALYSIS 
It is  now evident that the problem posed here i s  to seek 

the temperature solutions to the following system of energy 
eouations: 
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Fig. 1. Coordinate system for the f low chonnel (pipe). 

where i = 1 and 2 refers, respectively, to the region 
--m < x 5 0 and 0 5 x < -, as sketched in Figure 1. The ap- 
propriate boundary conditions t o  be satisfied are 

For--m<x1.0: 

For 0 L x < -m: 

In Equation (3b), Tfd  refers to the fully developed tempera- 
ture profile which includes the effect of axial conduction. 
Its derivation will be given below. The boundary condition, 
Equation (3b), implies that for sufficiently large x ,  T ,  
should reduce to  Tfd. I t  i s  essentially equivalent to the 
boundary condition: aT,/dx = 2qw/pCpUro  as x -+ m. By 
letting 8i = ( T i  - To)/(qwr,/K), ( i  = 1,2),  '1 = x / r O N P e ,  
5 = r/ro, Equations (1) through (4) can be transformed to 

For --m < '1 5 0: 

For 0 1.q < -m: 

(7b) 

An expression for 6fd can be obtained by noting that i t  can 
be expressed in the form (see,  for example, reference 2)  

5* 
e f d = 4 ' 1 + p -  - +c, 

4 
(9) 

where C, i s  an integration constant. To determine C,, a 
heat balance is taken over the region extending from x = -m 

to  an arbitrary axial position in the fully developed region. 
Thus, l e t  8fd denote the dimensionless average fluid tern 
perature in the fully developed region. Then one obtains 

Since the average fluid temperature 8 ,  at any axial posi- 
tion q i s  given by the general expression 

FT = 4  J ' t ( 1  - [ ' )OTd[  (11) 

substitution of Equation (9) into Equation (11), followed 
by integration and comparison with Equation (lo),  give 
C, = ( 8 / N $ , )  - (7/24). The fully developed temperature 
solution including the effect of axial conduction i s  thus 
found to  be 

Q 

which differs from that for the case where axial conduction 
i s  neglected by containing the additional term, 8 / N Z  The 
boundary condition, Equation (7c), is now completepespec- 
ified. To solve for 8,, it i s  convenient to further let 0, = 
0, + 8fd ,  where 0, now has to satisfy the equation 

with 

(14d 

@,(m, 5') = 0 (14b) 

The temperature solutions 8, and 0, are now sought in the 
form 

el = 2 B,Y,(&) exp [ a ~ q ~  ( 15d 
n =1 

m 

0, = C C n R n ( 0  exp [--PA771 (15b) 
n = l  

which satisfies, respectively Equation (66) and Equa- 
tion (14b). On substituting Equation ( 1 5 ~ )  into Equa- 
tions (5) and (6), it  can be proved that Equation (15d in- 
deed satisfies the latter equations, provided that a, and 
Y ,  (5) are the eigenvalues and eigenfunctions, respec- 
tively, of the following characteristic equation: 

satisfying the boundary conditions: 

(17) dYn 
d5  

---=O a t t = O a n d [ = l .  

Similarly, substituting Equation (156) into Equations (13) 
and (14) yields the following characteristic equation: 

with the boundary conditions 

(19) 
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It i s  worth noting that, as N p ,  --* -, Equation (18) reduces 
to the characteristic equation for the Graetz-type problem 
which neglects axial conduction. The eigenvalues a, and 
P n  and the corresponding eigenfunctions Y n  and R n  of the 
above two characteristic equations were determined in this 
study by solving these equations using the Runge-Kutta 
method. The computed first 20 eigenvalues a n  and P n  are 
tabulated in Table 1* for N p ,  = 1 and 5. The first 10 
R,([ )  and the first six Y J [ )  are shown graphicaily in Fig- 
ures 2 through 4 for N p ,  = 1. The P n  values (but not a,) 
for other Peclet numbers can be found in the previous pa- 
per ( 4 ) ,  where it was pointed out that for N p ,  > 100, both 
P n  and R ,  vary only slightly with further increase in Pec- 
le t  number; they eventually approach asymptotically toward 
those for N p, = - (no axial conduction). By incorporating 
Equation (12) with Equation (15b) the temperature solution 
8, for the region 0 5 x < 
form 

can now be summarized in the 

t4 n Q 
4 1  i 3 , = 4 q + ( 2 -  - - -  + + 
4 24 N p ,  

+ cnRm([) exp E - P A ~ I  (20) 
n =1 

After determining the eigenconstants, it  still  remains to 
find the series expansion coefficients B,'s and Cn's in 
Equations (15) so that the boundary conditions at  q = 0, 
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Fig.  2. Eigenfunctions R,  - R ,  for pipe f low ( N P ,  = 1). 

that i s ,  Equations (8a)  and ( 8 b ) ,  are both satisfied. From 
Equations ( 1 5 ~ )  and (20), these two conditions are seen to 
be equivalent to 

m 

I .o 1 1 1 1 1 1 1 1 1 
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Fig. 3. Eigenfunctions R ,  - R, ,  for pipe flow (NP, = 1). 

Page 734 AlChE Journal May, 1971 



m C-2 By employing the computed values of R n ( 5 )  and Y n ( ( ) ,  
$ n ( t )  and + n ( [ )  were constructed in this study for , 

n = 1 - 20. Some of the numerical constants u i  and bA 
are tabulated in Table 2* for N p ,  = 1 and 5.  To make 
Equations (22) appropriate for determining the series ex- 
pansion coefficients, it i s  further necessary to express 
R n ( t )  and Y n ( [ )  in terms of the new system of functions 
$ j ( t )  and + j ( [ ) ,  that i s  

n = l  n=l  

Neither Rn nor Y n  are orthogonal functions, as can be the- 
orized from the form of Equations (16)  and (18). This con- 
stitutes the main drawback to the present problem, since 
the widely used Fourier series expansion technique be- 
comes inapplicable for determining the series expansion co- 
efficients. To overcome this difficulty, two artificial sets 
of orthonormal functions are constructed using R n ( [ )  and 
Y n ( t ) .  I t  i s  known (see,  for example, reference 6)  from the 
theory of functions of a real variable that, given in the Hil- 
bert space a finite or denumerable linear independent sys- 
tem of functions, R l ( [ ) ,  R , ( t )  - .  - on a closed interval 
[a, b ] ,  it i s  possible to construct an orthonormal system 
il(t), i,(t), - - - such that each $n(t) i s  a linear combina- 
tion of the first n functions of the system R n ( 5 ) .  Let $ j ( [ )  
and + j ( t )  be the two new sets of orthonormal functions to 
be constructed; then they can be expressed in terms of R n  
and Y n  in the following form: 

(26b) 

The coefficients p’, and q’, were computed by writing Equa- 
tion (22)  in the form of a matrix e,quation, and then inverting 
the matrices, containing ah and bA. Some of the numerical 
constants pJn and qA are tabulated in Table 3* for N p e  = 1 
and 5 .  Substituting Equations (26)  into Equations (21), one 
obtains 

u 
n = l  m m  m m  

n = l  j,n n = l  j = n  

for which 
n = l  j = n  n = l  j=n  

1 5 ‘ 7  where f,(o = - 5‘- - - - + (8/Nb,)  . The above two [ 4 24 The orthonormalization can be carried out step by step; for 
example I I equations now make i t  possible to determine the series ex- 

pansion coefficients Cn’S and Bn’s, inasmuch as $n and +n 
are orthonormal functions. Thus, by multiplying Equa- 
tion ( 2 7 ~ )  by $m and Equation (27b) by 4 m ,  and then inte- 
grating from 0 to 1 ,  one obtains, as a consequence of the 
orthonormal properties given by Equation (23), the following 

*See footnote on p. 734. 

and, in general 

... * - *  L ’ R , R n - l d [  RZ(5) 

... ... ... ... 

... ... ... ... 
... ... 
... ... 

i n  = 

where An i s  the Gram determinant defined by 

(25 )  An = 
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... ... ... ... ... 
.. ... ... ... ... 

... ... ... ... ... 
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set of equations: 
W w m  

Then $ can be obtained from the following equation: 
+ + +  
F = E-’G ( 30) 

W m m  

In this study the infinite ser ies  appearing in the above two 
equations were truncated at m = 20, since larger values of 
m were found to yield negligible improvement in the accu- 
racy of the ser ies  expansion coefficients. With m = 20, 
Equations (28) give rise t o  40 linear equations relating the 
forty unknowns C, - C,, and B, - Bzo. The system of si- 
multaneous linear equations was solved by using the Gauss 
elimination method. Thus le t  

(29d 

and 

+ 
E =  

Page 736 

... ... P: P: PY 

0 P: Pz” ... ... 
... ... ... ... ... 
... ... ... ... ... 

... ... 0 0 PE 

... ... ... 

... ... ... 

... ... ... 

For the actual computation using the computer, the matrices 
were normalized rowwise by+dividing by the largest element 
of E ( i ,  j )  in that row. The E matrix was then reduced to  
triangular form by (n - 1) transformations using a pivotal 
condensation process. For larger Peclet  numbers (say,  
20 < Np,  < loo), Equation (30) was found to give satisfac- 
tory results. For smaller Peclet  numbers, however, it  was 
found necessary to further improve the accuracy by an itera- 
tion process using Equation ( 2 8 ~ )  and Equation (286). In 
any case,  the iterative calculation was continued until vir- 
tually complete satisfaction with both Equation (21d and 
Equation (216) was obtained. The C n  and Bn coefficients 
thus obtained are tabulated in Table 1 for N p ,  = 1 and 5. 

Having determined the series expansion coefficients, the 
two temperature solutions 8, and 8, given, respectively, by 
Equation ( 1 5 ~ )  and Equation (20), are now complete. The 
equation for cup-mixing average fluid temperature in the 
heated region, for instance, can be derived by substituting 

+ 
G =  

... ... ... 

... ... ... 

... ... ... 

... ... a:4: a:, 4Y 

0 a: 4: ... aha,“ 
... ... ... ... 
... ... ... ... 
0 0 ... ah 4;  

(296) 
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Equation (20) into Equation (11) and carrying out the inte- 
gration. This yields 

the latter simplifying step being obtained by making use of 
Equation (18). In an analogous manner, the average fluid 
temperature in the adiabatic region can be found by com- 
bining Equations (15~1,  (111, and (16), that i s  

It can be seen from Equation (31) that as q -, g2 tends 
to  vary linearly with respect to q, as it should. In the ther- 
mal  entry region, however, the variation is not exactly lin- 
ear. The numerical values for the integral appearing in 
Equation (31) have been evaluated and are shown also in 
Table 1 for Np,  = 1 and 5. Of particular interest is the ex- 
pression for the local Nusselt number in the heated region. 
It can be derived by noting that the wall temperature in this 
region i s  given by 

Combination of Equation (31) and Equation (33) thus leads 
to 

2 
- 

2r0 Q w  
k 

N N ~ ,  = - “T,l, - T a u  - [6,1, - 6,  

For 0 S 7 < m: 

3 3 5‘ 39 16 
+-i- 2 8 280 Np,  

6, = - q + 5‘ - - - - 

t 2 C n R n ( 5 )  exp [-p;pI (37b) 
n = 1  

the characteristic equations for the eigenvalues and eigen- 
functions are now given by 

d2Yn 
- + a;[(8c(,/3Npe)’ - (1 - 531 Pn = 0 (38~) 
d5’ 

and 

at 4 = O  and ( = 1 

The computed first 20 eigenvalues an and /3n for Npe = 1 
and 5 are tabulated in Table 4.* 

Once again, two new orthonormal sets of functions $n 
and (p n are constructed from the nonorthogonal eigenfunc- 
tions Rn,and, Yn: Some of the computed numerical con- 
stants &, bA, p l , ,  qh for Np,  = 1 and 5 are tabulated in 
Tables 5* and 6* for reference. The method of determining 
the series expansion coefficients C,’s and Bn’s is exactly 

2 - 

Parallel-Plate Channel Flow 

flow, the governing energy equations, in dimensionless 
form, can be written as 

For the corresponding problem in parallel-plate channel 

where 6i = ( T  - To)/(q,a/k)  ( i  = 1,2), 4 = y / a ,  q = 
8x/3aNpe3 N p ,  = 4aiip C,/k, and (I is one-half the channel 
height. With the understanding of the differences in nota- 
tions, the boundary conditions given by Equations (6) to  (8) 
in the previous section are directly applicable here. The 
fully developed temperature solution efd in this case,  how- 
ever, takes the form 

which can be derived, as before, by taking a heat balance. 
Denoting the temperature solutions in the adiabatic and 
heated regions by 

F o r - m < q < O :  

61 = 2 B n Y n ( t )  exp [c(iqI (37a) 
n = l  

(34) 

identical to that described in the previous section and will 
not be repeated here. The sets of simultaneous equations 
which give rise to the final matrix equations, in this case,  
take the form 

1 
= 1.5 &d( ( m  = 1,2, - a .  ) (406) 

Upon terminating the infinite series appearing in Equa- 
tions ( 4 0 ~ )  and (406) at rn = 20, the B n  and C n  coefficients 
were determined and the results for Np, = 1 and 5 are tabu- 
lated in Table 4. By going through the similar derivation 

‘See footnote on P. 734. 
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as before for the local Nusselt number, one now obtains 

4 
_ _ _ _  4a 4w N N ~ ,  = - - 

k [T,l,- T,, [ ~ , 1 , - ~  

-9 t- 

u 
I .o I 0.8 0.6 0.4 0.2 0 

-I 0 

4 - 

Some of the numerical values of the integral appearing in 
Equation (41) are shown in Table 4 for Np, = 1 and 5. 

DISCUSSIONS OF RESULTS AND CONCLUSIONS 

To illustrate how the series expansion coefficients C, 
and B ,  satisfy the matching conditions required at x = 0, 
these coefficients were used to calculate the left-hand side 
of both Equations (21d and (21b) .  The calculated results 
are plotted in Figure 5 for the case of Np, = 1 and com- 
pared with the right-hand side of the two equations. As can 
be observed, the two matching conditions are both fulfilled 
very well. This i s ,  in fact, a direct proof of the mathemati- 
cal correctness of the present solution. Upon substituting 
these coefficients and the computed eigenconstants into 
Equation (34), the theoretical Nusselt numbers in the ther- 
mal entry region can be calculated. The Nusselt curves 
thus constructed are shown in Figure 6 for Np, = 1, 2.5, 5, 

RIGHT-HAND SIDE OF Eq. (21 - 2 1 
----- CALCULATED LEFT- HAND SIDE 

5 OF Eq. (21-2) 

3t 
SCALE CHANGES - 

RIGHT-HAND SIDE OF Eq. (21-1) 

OF Eq. (21-1) 
------ CALCULATED LEFT-HAND SIDE 

(41) 

10, 20, 30, 45, and m (no axial conduction). Originally, it 
was intended to plot also the Nusselt curves obtained by 
Hennecke ( 3 )  for Np, = 1, 5, 10, and 20. However, the 
agreement between his results and the theoretical Nusselt 
numbers obtained in this study i s  so good that it i s  essen- 
tially impossible to show graphically any difference be- 
tween them. A s  remarked previously, Hennecke's results 
were obtained by solving the partial differential equation 
directly using the finite-difference methods. In Figure 7 
the Nusselt curves obtained by Petukhov and Tsvetkov (7) 
for Np, of 1,  10, and 45 are sketched and compared with 
those obtained in this study. The former curves were also 
obtained by solving the governing differential equation by a 
numerical method. For low values of the axial distance pa- 

"", 

I I I l I 1 1 1 1  I I I I l l l l ,  I I l l l l 1 1  

16 PIPE FLOW 

L I I I I I I l l 1  I I I I l l l l l  I I I I l l l l  

10-3 2 4 6 10-2 2 4 6 lo-' 2 4 6 I 
X 

'= ", 
Fig. 6. Thermal entry region local  Nusselt  number for pipe f low. 

PIPE FLOW 
PETUKHOV & TSVETKOV (REF. 7 )  

14 PRESENT STUDY 
( I )Npc I (2)N,= 10 (3)Nhz 4 5  

- -----... 
*- 

Fig. 7. Comparison of Nussel t  curves. 
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rameter x/Zr,Np,, it  can be seen that the curve obtained 
by Petukhov and Tsvetkov for N p ,  = 45 i s  =8% higher, 
while the curves for N p ,  = 1 and 10 are roughly 10% lower 
than those obtained in this study. 

It i s  of particular interest to  observe the dependence of 
the thermal entry region Nusselt numbers upon the boundary 
condition imposed at x = 0. If the fluid temperature i s  as- 
sumed to be uniform at x = 0, as was done in the previous 
study ( 4 ) ,  then, from the definition of the heat transfer CG- 
efficient, it  i s  apparent that the Nusselt number should ap- 
proach infinity as 7 -+ 0, regardless of Peclet number. 
The Nusselt curves corresponding to  different values of the 
Peclet number thus do not cross  each other at small values 
of q. However, if upstream conduction into the adiabatic 
region is  taken into account, the radial distribution of fluid 
temperature at x = 0 tends to  deviate more and more from 
uniformity, as Peclet number becomes smaller. Such non- 
uniformity eventually causes  the difference between wall 
temperature and bulk fluid temperature at Y = 0 to increase, 
as the Peclet number i s  lowered. This i s  the main reason 
why the Nusselt curves shown in Figure 6 cross each other 
and reverse their order of relative magnitude at small val- 
ues of q. The assumption of a flat temperature profile at 
x = 0 can thus be  seen to  cause considerable errors in the 
prediction of local Nusselt numbers near 7 = 0. It i s  of 
some interest t o  note from Figure 6 that for pipe flow, all 
the crossing takes place near a single point, at 7 

ature is shown for the case of N p ,  = 1 and 45. These 
curves were obtained by using Equations ( 1 5 ~ )  and (20). In 
the adiabatic region the temperature profiles for both cases 
are seen to be flat at sufficiently large 17 1 .  For the case 
of N p ,  = 45, in which the effect of upstream conduction is 
relatively small, such uniformity i s  roughly maintained until 

0.015. 
In Figures 8 and 9 longitudinal variation of fluid temper- 

I I I I I I I I I  

0.3 PIPE FLOW 

,4)=-1.0 
-3.0 

-3.5 
1.0 0.8 0.6 0.4 0.2 0 

E = r / r o  

Fig. 8. Distribution of f lu id  temperature i n  the adiabatic region 
tor pipe f low (Np, = 1 and 45). 
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0. I 

0 

-0. I 

-0.2 

I I I I I I I I 
1.0 0.8 0.6 0.4 0.2 0 

= r/rO 

Fig. 9.  Distribution of f lu id  temperature i n  the heated region for 
pipe f low (Np, = 1 and 45). 

7 becomes larger than -0.01, where the effect of axial con- 
duction starts to become evident. In the region -0.01 < 
7 5 0 ,  it can be observed that the heat conducted upstream 
causes  a rather sharp increase in wall temperature, while 
the fluid temperature near the center of the channel remains 
very little affected. This is presumably because the effect 
of axial conduction i s  more significant near the wall due to 
the heat source located at the wall in the region x 2 0, and 
that fluid velocity is relatively low in the region near the 
wall. Furthermore, for the region near the center of the 
channel, the heat conducted upstream is  rapidly transported 
back downstream. As a whole, the average fluid tempera- 
ture of the flowing stream r ises  only slightly. That this i s  
not the case for N p ,  = 1 can b e  clearly seen from the fig- 
ures. For such a small Peclet  number, the amount of heat 
conducted upstream is so large that the average fluid tem- 
perature in the adiabatic region continues to rise along the 
longitudinal distance. It i s  interesting to  note that the 
fluid temperature is  now affected in the entire region ex- 
tending from the center of the channel to the pipe wall. It 
i s  also noted that in the region, -0.1 < 7 < 0.05, the tem- 
perature profile retains approximately the same shape. In 
this region therefore the net heat input into a fluid element 
due to  the combined conduction and convection remains a d  
proximately constant along the axial distance. This  is  pri- 
marily the reason why the Nusselt number for N p ,  = 1 var- 
ies  very little in the region close to  7 = 0. For N p ,  = 45, 
on the other hand, the wall temperature continues to rise in 
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PARALLEL PLATE CHANNEL FLOW 

2 4 6 2 4 6 lo-’ 2 4 6 I 

8x 
3 a N ~ e  

Fig. 10. Thermol entry region l o c o l  Nussel t  number for 
parallel-plote channel flow. 

the heated region, thus causing the Nusselt number to  de- 
crease more rapidly. 

In Figure 10, the Nusselt curves obtained from Equa- 
tion (41) are shown for the case  of parallel-plate channel 
flow. It can be observed that the heat transfer behavior 
is very similar t o  that for the pipe flow. The crossing 
of the Nusselt number curves, in this case  occurs a t  8x/ 
3a N p e  Z 0.016. 
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NOTATION 

Bn = coefficients of ser ies  expansion in Equation ( 1 5 ~ )  
for pipe flow, or in Equation (37d for parallel-plate 
channel flow 

for pipe flow, or in Equation (376) for parallel-plate 
channel flow 

C p  = specific heat 

C n  = coefficients of ser ies  expansion in Equation (15b) 

2 = matrix as defined by Equation (2%) 
F = matrix as defined by Equation ( 2 9 ~ )  
G = matrix as defined by Equation (29b) 

+ 

-4 

2r0 qw 
N N ~ ,  = - , local Nusselt number for pipe 

k “i“,lw - Tau 
flow 
4a 9w 
k [T,], - Tau N N u ,  = - , local  Nusselt number for parallel- 

plate channel flow 

= ( 4 a U p C p ) / k  for parallel-plate channel flow 
Rn = eigenfunctions for Equations (18) and (19), or for 

Equations ( 3 9 ~ )  and (3%) 

N p e  = Peclet  number, = ( 2 r 0 p C p i ) / h  for pipe flow, 

Tau = bulk fluid temperature in the heated region 
Ti ( i  = 1,2) = fluid temperature in the adiabatic and heated 

region, respectively 
To = uniform inlet fluid temperature 

Tfd = fully developed fluid temperature in the heated 
region 

[T,] = wall temperature in the heated region 
Y n  = eigenfunctions for Equations (16) and (17) or for 

Equations 138~) and (386) 

a’ = coefficients in Equation ( 2 2 ~ )  

b i  = coefficients in Equation (226) 

u = one-half the parallel-plate channel height 

n 

f,(& = -  4 4 24 + N p e  i-) 

k = thermal conductivity 
pJn = coefficients in Equation ( 2 6 ~ )  
q’, = coefficients in Equation (26b) 
qw = wall heat flux 

r = radial distance 
ro = radius of a pipe 
U = average fluid velocity 
x = axial position 

, 

Greek Letters 
a, = eigenvalues of Equations (16) and (17), o’r of Equa- 

Pn = eigenvalues of Equations (18) and (19), or of Equa- 

A, = determinant as defined by Equation (25) 

tions ( 3 8 ~ )  and (38b) 

tions ( 3 9 ~ )  and (39b) 

7 = x/roNpe for pipe flow, and = 8 ~ / 3 ~ N p e  for parallel- 
plate channel flow 

tures 
&(i = 1,2) = (T, - To)/(qwrO/h), dimensionless tempera- 

= dimensionless fluid temperature at a location 7 
eT = dimensionless average fluid temperature at a loca- 

Ofd = dimensionless fluid temperature in the fully de- 
- veloped region 
6‘fd = dimensionless average fluid temperature in the fully 

tion 7 

developed region 

adiabatic region 

region 

3, = dimensionless average fluid temperature in the 

3, = dimensionless average fluid temperature in the heatec 

9, = 0, - efd  
[O,] = dimensionless wall temperature in the heated region 

4 = r/ro for pipe flow, and = y / a  for parallel-plate chan- 

p = density of fluid 
nel flow 

& = orthonormal system as defined by Equation (22b) 
*n = orthonormal system as defined by Equation (22d 
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